Abstract. The conservative sequence of a set A under a transformation T is the set of all n ∈ Z such that T n A ∩ A = ∅. By studying these sequences, we prove that given any countable collection of nonsingular transformations with no finite invariant measure {T i }, there exists a rank-one transformation S such that T i × S is not ergodic for all i. Moreover, S can be chosen to be rigid or have infinite ergodic index. We establish similar results for Z d actions and flows. Then, we find sufficient conditions on rankone transformations T that guarantee the existence of a rank-one transformation S such that T × S is ergodic, or, alternatively, conditions that guarantee that T × S is conservative but not ergodic. In particular, the infinite Chacón transformation satisfies both conditions. Finally, for a given ergodic transformation T , we study the Baire categories of the sets E(T ),ĒC(T ) andC(T ) of transformations S such that T × S is ergodic, ergodic but not conservative, and conservative, respectively.
Introduction
In [8] , Furstenberg and Weiss proved that a finite measure-preserving transformation T satisfies the mild mixing property if and only if for all finite or infinite measure-preserving ergodic transformations S, the cartesian product T × S is ergodic. In this case we say that mild mixing is an ergodic multiplier property. The situation in infinite measure is quite different. It was shown in [5] , [2] that if T is an infinite measure-preserving ergodic transformation, or a nonsingular ergodic transformation with no equivalent finite invariant measure, then there always exists an ergodic Markov shift S so that the product T ×S is not conservative, hence not ergodic. Thus, there is no ergodic multiplier property for infinite measure-preserving transformations.
The conservative sequence of a set A under a transformation T is defined as C T (A) := {n ∈ Z : µ(T n A ∩ A) > 0}.
In this paper, we analyze the combinatorics of these sequences and use them to give an alternative proof of the aforementioned result of [5] , [2] . In addition, our methods allow us to extend the result in the following way. Given any countable collection of nonsingular transformation {T n } with no finite invariant measure, we construct a single rank-one transformation S such that T n × S is not conservative, hence not ergodic, for each n. Moreover, S can be chosen to be rigid or to have infinite ergodic index. We also study related questions for infinite measure-preserving Z d -actions and flows. In this context we note that Schmidt and Walters [14] showed a similar result to the one in [5] , [2] for nonsingular actions of locally compact abelian groups, but again we are interested in the multiplier being rank-one, and our methods construct the rankone action using conservative sets. Section 2 covers the preliminary definitions and Section 3 has our main results.
In Section 4, we employ conservative sequences to establish a sufficient condition on rank-one transformations T that guarantees the existence of a rank-one transformation S such that T × S is conservative but not ergodic. This condition will be general enough to include many infinite rank-one transformations of interest such as the infinite Chacón and Hajian-Kakutani transformations. We also discuss in this section that one cannot hope that for all infinite measure-preserving ergodic T there is an ergodic S such that T × S is conservative but not ergodic.
In Section 5, we show that if T is a rank-one transformation with bounded cuts, then there is another rank-one transformation S such that T × S is ergodic. In Section 6, for a given ergodic transformation T , we study the Baire categories of the sets E(T ),ĒC(T ) andC(T ) of transformations S such that T × S is ergodic, ergodic but not conservative, and conservative, respectively. In particular, we show that for a generic transformation T , the set E(T ) is a generic subset of the measure-preserving transformations.
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2. Preliminaries 2.1. Main definitions. Let (X, B, µ) be a σ-finite, nonatomic Lebesgue measure space. A transformation T : X → X is said to be measurable if for all A ∈ B, T −1 (A) ∈ B. An invertible measurable transformation is an invertible transformation T such that both T and T −1 are measurable. A measurable transformation T is called measure-preserving if for all A ∈ B, we have µ(T −1 (A)) = µ(A); it is called nonsingular if for all A ∈ B, µ(T −1 (A)) = 0 if and only if µ(A) = 0. All transformations we consider are assumed to be invertible measurable transformations unless stated otherwise. Moreover, equalities are always assumed to hold up to sets of measure zero.
Let G be a locally compact Polish topological group. A measurable action T of G on X consists of a family of transformations
is Borel measurable, and such that for a.e. x ∈ X we have T g (T h (x)) = T gh (x) and T e (x) = x, where g, h ∈ G and e is the identity of G. An action T = {T g } is said to be measure-preserving if every transformation T g is measurepreserving, and is said to be nonsingular if every transformation T g is nonsingular. For our purposes, G will be either Z d or R. If G = R, the action is called a flow, and when G = Z, the action is simply a transformation.
An action T is called ergodic if whenever A ∈ B satisfies T g (A) = A for all g ∈ G, we have µ(A) = 0 or µ(X\A) = 0; T is called conservative if for all sets A of positive measure, there exists g ∈ G such that µ(T g (A) ∩ A) > 0. One can show that if µ is σ-finite and non-atomic, and T is an ergodic action, then T is also conservative. In the case of transformations, or Z-actions, ergodicity is equivalent to the condition that for all sets A and B of positive measure, there exists n > 0 such that µ(T n A ∩ B) > 0. Given two G-actions T = {T g } g∈G and S = {S g } g∈G on spaces X and Y , respectively, we define their product action
We note that if T × S is ergodic, then both T and S are ergodic. For a nonsingular transformation T , a set W ∈ B with µ(W ) > 0 is called wandering if all the images T n (W ) (n ∈ Z) are disjoint. Let D(T ) denote the union of all wandering sets, called the dissipative part of T . We call C(T ) := X \ D(T ) the conservative part of T , and the partition X = D ⊔ C is called the Hopf decomposition of T . It is easy to see that T is conservative if and only if it admits no wandering set, or alternatively X = C(T ). If we have X = D(T ) instead, then we say that T is totally dissipative. It is well known that if T and S are conservative and ergodic, then either T × S is conservative or T × S is totally dissipative (see Proposition 1.
in [1]).
A transformation T is called partially rigid if there exists 0 < α ≤ 1 and an increasing sequence {n i } such that for all sets A, 0 < µ(A) < ∞, we have lim inf
If α = 1, we say that T is rigid. We say that a transformation T has
The notion of density for subsets of N will arise frequently. Given a set E ⊂ N, its upper density is defined as Dens(E) := lim sup n→∞ |E ∩ {1, . . . , n}| n .
If the limit exists we simply call Dens(E) the density of the set E. We remark that finite intersections of sets of density 1 also have density 1 (which is analogous to saying that finite unions of sets of density 0 have density 0). Given E, F ⊂ R, we define their sumset to be
and their difference set to be
As mentioned in the introduction, the notion of conservative sequences is of fundamental importance to our methods of proof. Since the more general notion of a conservative set under an action also comes up, the next definition is stated in this context. Definition 2.1. Let T be a nonsingular action of a group G, and let A be a set of positive measure. We define the conservative set of A under T as
In the case where G = Z, we call C T (A) a conservative sequence.
We note that if g ∈ C T (A), then its inverse −g ∈ C T (A) as well. Thus, for the case of Z-actions and R-actions, conservative sets are "symmetric" about 0, and therefore it is enough to study the positive numbers in C T (A). A similar remark holds for conservative sets of
2.2. Rank-one actions.
2.2.1. Rank-one transformations. Many of our constructions will be rank-one cutting-and-stacking transformations defined on [0, ∞). One constructs inductively a sequence of columns. A column C n consists of a finite sequence of h n disjoint intervals I n,0 , . . . , I n,hn−1 of the same length, where we think of I n,i+1 as sitting above I n,i . The intervals composing C n are called levels and h n is called the height of C n . When the context is clear, we may use C n to refer to the union of the levels in C n . If I n,k is a level of C n , its height is h(I) = k. Moreover, if I and J are two levels in the same column, we define the distance between I and J to be d(I, J) := |h(I) − h(J)|. We will start with C 0 = {[0, 1)}. Suppose C n is defined. To obtain C n+1 from C n , we cut C n into r n subcolumns and add s n,i (i = 0, . . . , r n − 1) spacers to the i-th subcolumn. We then obtain column C n+1 by stacking each subcolumn on top of the subcolumn to its left. We choose each spacer interval so that it is disjoint from all previously chosen spacers and from [0, 1), and so that it abuts the previously chosen spacer (or, if it is the first spacer, so that it abuts [0, 1)).
Each column C n is associated with a column map T Cn that sends each level in C n to the level immediately above it via the unique orientationpreserving translation. The rank-one transformation T is then defined as the pointwise limit of the maps T Cn . For our purposes, the number of spacers we add will always be so large that the resulting space X will be [0, ∞).
Let A be a level of some column C n of height h(A) (in C n ), and let D(A, m), m ≥ n, be the set of heights of copies of A in C m (called the descendant set of A in column C m ). If we write h n,k := h n + s n,k (where k = 0, 1, . . . , r n − 1), then it is easy to see that
which is just equal to D(J, n + 1) where J is the base level of C n . Then for m > n we obtain We now consider a special class of infinite rank-one transformations, which we call skyscraper transformations. At stage n, we cut column C n into 2 subcolumns and we only add spacers to the right subcolumn and also
right subcolumn. In this case, if A is a level of C n , then for all m > n, we have Figure 1 . Construction of column C 1 from column C 0 for a skyscraper transformation
We present the analogue of skyscraper transformations for Z d -actions. The reader should note that when d = 1, the following description agrees with the one given in the previous section.
We follow the notation and terminology used in [10] . Given positive
. . , d}, and define a grid G of dimensions ℓ 1 × · · · × ℓ d to be a bijection between SQ(ℓ 1 , . . . , ℓ d ) and a collection of intervals of equal length. We call an interval I in the range of G a level. When the context is clear, we may use G to denote the union of the intervals in its range. We define the location of I ∈ G to be Loc(I) := G −1 (I). Fix positive integers a 1 , . . . , a d and positive integers h n (n ∈ N) such that h n+1 ≥ 2h n . We describe the construction of a skyscraper Z d -action with parameters a 1 , . . . , a d . Let G 0 consist of the interval [0, 1) (or more precisely G 0 is the map which sends the origin in Z d to [0, 1)). Now suppose G n has been defined and has domain SQ(h n,0 , . . . , h n,d−1 ). To obtain G n+1 , cut each interval in G n into 2 d subintervals of equal length. We now define G n+1 , which will be a bijection between SQ(a 1 h n+1 , . . . , a d h n+1 ) and the collection of subintervals coming from the cuts together with new spacer intervals. Suppose an interval I in G n has location (x 1 , . . . , x d ). Enumerate the subintervals of I coming from the cuts as I 0 , . . . , I 2 d −1 , and express each j ∈ {0, . . . , 2 d − 1} by its binary representation
where b j,k ∈ {0, 1} for each k. Then assign the subinterval I j to the lo-
. Finally, we assign spacers to the elements of SQ(
have not yet been assigned intervals.
To each grid G n we associate grid maps T We define the other grid maps in an analogous manner. Finally, the basis transformations T (1,...,0) , . . . , T (0,...,1) are defined as the pointwise limits of the respective grid maps. It is easy to see that all these basis transformations then commute, so they define a valid action of
2.2.3. Rank-one flows. Since the construction of rank-one flows is similar to that of rank-one transformations, we omit certain details in the description that follows. Again, one constructs a sequence of columns C n , where now a column consists of a finite sequence of blocks of the form
Again, when the context is clear, we may use C n to refer to the union of the blocks composing it. Further one can think of a column as occupying the space of a rectangle R n = [0, α n ) × [0, β n ). One then obtains a natural bijection between the column C n (thought of as a union of blocks) and the rectangle R n which we can denote Loc. Given (x, y) ∈ C n , we call Loc(x, y) the location of (x, y). We use Loc 1 (x, y) to denote the x-coordinate of Loc(x, y) and Loc 2 (x, y) to denote the y-coordinate of Loc(x, y).
. If C n has been defined, we cut C n into r n subcolumns and possibly add spacer blocks S n,i (i = 0, . . . , r n − 1) to the subcolumns. Then C n+1 is obtained by stacking each subcolumn on top of the subcolumn to its left. If the measure of the spacer blocks is large enough, then the union of the columns C n will be a subset X of [0, ∞) × [0, ∞) of infinite measure (so we may as well choose
Each column C n is associated to a so-called column flow
where (x, y) ∈ C n . Of course, for any s = 0, T s Cn is not defined on all of C n . Our rank-one flow is obtained by letting T s be the pointwise limit of the column maps T s Cn . If we always cut into 2, and only add spacer blocks to the right subcolumn, then we call the resulting flow a skyscraper flow.
3. Non-conservativity of product actions
uv is ergodic, then we say that T is squarely ergodic w.r.t. a 1 , . . . , a d . We say that T is squarely ergodic if there exist a 1 , . . . , a d > 0 such that T is squarely ergodic w.r.t. a 1 , . . . , a d .
In this section we prove the following theorem. As mentioned in the introduction, Schmidt and Walters [14] prove a more general result in the sense that T is assumed to be a properly ergodic action of a locally compact second countable abelian group without a finite invariant measure, but they do not obtain that § is rank-one. We first show that if T = {T v } v∈Z d admits a set A of positive measure whose conservative set C T (A) has certain gaps, then one can inductively construct a skyscraper Z d -action S such that if I is a level of the first grid G 1 , then C T (A) ∩ C S (I) = {(0, . . . , 0)}. In other words, C T ×S (A × I) = {(0, . . . , 0)}, and thus T × S is not conservative. After that, we show that every Z d -action T that satisfies the conditions of Theorem 3.2 admits such a set A.
We say that C has adequate gaps w.r.t. a 1 , . . . , a d if for every n ∈ N, there exists ℓ n ∈ N such that
If d = 1, we may use the expression long gaps instead. In this case, C has long gaps if and only if C is not a syndetic set.
As for the case of transformations (see the end of section 2.2.1), if I is a level of grid G n , then we can define the sets C 
For these transformations, we have
, where C i denotes the conservative sequence of I under the basis transformation T (0,...,1,...,0) , where the 1 is at the i-th position. In other words,
Hence, we can write
d -action on X that admits a set A of positive measure whose conservative set C T (A) has adequate gaps w.r.t. a 1 , . . . , a d . Then there exists a skyscraper Z d -action S with parameters a 1 , . . . , a d such that T × S is not conservative.
Proof. We construct the action S so that if I is the level of G 1 located at (0, . . . , 0), then C T ×S (A × I) = {(0, . . . , 0)}, which is equivalent to C T (A) ∩ C S (I) = {(0, . . . , 0)}. As mentioned, each grid of S will be a d-dimensional rectangle with dimensions a 1 h n × · · · × a d h n , so to define S it is enough to inductively specify each h n . We have Figure 2 . The image on the left represents adequate gaps w.r.t. a 1 = a 2 = 1 for a Z 2 -action T . In the above proof, we choose the numbers h n for S so that if C n S (I) is contained in the central square, then C n+1 S (I) will be contained in the union of the nine squares. The image on the right illustrates the construction of grid G n+1 from grid G n . Lemma 3.6 for the case of integer actions was proved by Hajian [9] when giving a characterization of transformations not admitting a finite invariant measure, see also [7] . Our proof generalizes their methods to obtain an analogous result for squarely ergodic Z d actions. We let E := { (c 1 a 1 , . . . , c d a d ) : c i ∈ {−1, 0, 1}}. The main tool we use is the following corollary of the ergodic theorem: Proposition 3.5. Let T be an infinite measure-preserving ergodic transformation, and let A, B ⊂ X of finite measure. Then
Since {µ(T k A ∩ B)} k∈N is bounded, it follows that for the sets A, B above, µ(T n A ∩ B) → 0 in density 1 (see [15] for example). Recall that
Lemma 3.6 (Adequate Gaps). Let T be an infinite measure-preserving Z d -action that is squarely ergodic w.r.t. a 1 , . . . , a d , i.e. each transformation T uv , v ∈ E, is ergodic. Let A * ⊂ X with 0 < µ(A * ) < ∞, and fix 0 < ε < µ(A * ). Then there exists a set A ⊂ A * , µ(A) > µ(A * ) − ε, such that A has adequate gaps w.r.t. a 1 , . . . , a d .
Proof. Let A 0 = A * and ℓ 0 = 0, and fix 0 < ε < µ(A * ). We construct
. . such that for every n ∈ N and for every v ∈ E, we have
. . , n}. Then we will take
Suppose A n and ℓ n are defined. Let
By the corollary of the infinite ergodic theorem, for each u v , v ∈ E, we have
It is not hard to see that this implies that
Since the intersection of finitely many sets of density 1 still has density 1, we conclude that there exists ℓ n+1 > ℓ n such that
For each v ∈ E and for each k 1 , . . . , k d ∈ {−n − 1, . . . , n + 1}, we have
Moreover, the fact that
Remark 3.7. Since the proof of the Adequate Gaps Lemma remains valid for non-invertible transformations, Theorem 3.2 is also true in the non-invertible case. The same goes for certain actions of semigroups of Z d .
3.2.
Extensions to d = 1, i.e. transformations. In this context we can actually prove the following more general result.
Theorem 3.8. Let T be a nonsingular transformation with no finite invariant measure. Then there exists a rank-one transformation S such that T × S is not conservative. Moreover, S can be chosen to be rigid or have infinite ergodic index.
For clarity, we will prove the following two results in turn.
(1) There exists a skyscraper transformation S such that T × S is not conservative. (2) The transformation S can be chosen to be rigid or have infinite ergodic index.
Proof of (1) . It suffices to show that there exists a set A of positive measure for T such that C T (A) has long gaps. To guarantee this, we use the following characterization of a transformation with no finite invariant measure for which the reader can refer to [7] :
There exists a set A, µ(A) > 0, such that 1 n
Again, this implies that for this set A, µ(T k A) → 0 in density 1 (since, without loss of generality, we can assume that µ is a nonsingular probability measure). We can then proceed as in the proof of the Adequate Gaps Lemma to obtain the desired gaps.
For the proof of (2), we use the following easy lemma, whose proof is left to the reader. Proof of (2) . We work with the assumption that T is an infinite measurepreserving ergodic transformation. The same arguments work for nonsingular transformations with no finite invariant measure with only minor modifications.
We first show that S can be chosen to be a rigid rank-one transformation. Let C 0 = [0, 1). Suppose C n is defined. To obtain C n+1 cut C n into r n subcolumns and only add spacers on top of the right subcolumn. We impose that lim sup n→∞ r n = ∞. The resulting rank-one transformation S can be finite or infinite depending on the number of spacers added at each stage. It is easy to see, though, that S is rigid along the sequence n i = h i of heights. For simplicity, we will take r n = n below. Let I denote the base level of column C 1 . Then for m ≥ 1 we have
. . , r m − 1}}. We wish to inductively construct S (by defining the heights h i ) such that for some set A, C T (A) ∩ C n S (I) = {0} for all n. The idea is to find the right notion of gaps for C T (A) and prove a suitable version of the Adequate Gaps Lemma. More precisely, we require the following gaps: for every n > 0, there exists ℓ n > 0 such that [kℓ n − n, kℓ n + n] ∩ C T (A) = ∅ for all k = 1, 2, . . . , n. Now if we have defined h 1 , . . . , h n−1 in such a way that C T (A)∩C n S (I) = {0}, then we can choose h n (amongst the ℓ n ) such that
. . , (r n −1)h n }] = ∅ using the existence of the gaps.
We give a sketch of the appropriate version of the Adequate Gaps Lemma, using the same setup and notation. We have
By the corollary of the ergodic theorem,
But by Lemma 3.9, and the fact that kZ has positive density, we even have that for all k ∈ N,
Using that the intersection of finitely many sets of density 1 has density 1, we can therefore find ℓ n+1 > ℓ n such that µ(T kℓn B n ∩A n ) is arbitrarily small for all k = 1, . . . , r. The remainder of the proof is the same as for the Adequate Gaps Lemma Similarly, S can be chosen to be a rank-one transformation with infinite ergodic index. We refer the reader to [3] for a more detailed discussion of the construction. Let C 0 = {[0, 1)}. If C n is defined, we obtain C n+1 by cutting C n into 4 subcolumns and adding a certain number of spacers to each subcolumn. We require the following for each n ∈ N:
• h n,0 = h n,2 + 1 • h n,1 > n · (h n,0 + h n,2 + 2h n − 2s n−1,3 )
• s n,3 must be sufficiently large, i.e. h n,3 > n · (h n,0 + h n,1 + h n,2 + h n ) and
To simplify our analysis, we will replace the second condition with h n,1 = 5nh n,0 . Let I denote the base level of C 1 for S. Again, the idea is to find the right notion of gaps for C T (A) and prove a suitable version of the Adequate Gaps Lemma. Note that for all n ≥ 1, we have
It is not difficult to see that we require the following gaps: for every m > 0 there exists ℓ m > 0 such that
Then we can use the existence of these gaps to inductively choose h n,0 , h n,1 , h n,2 to be some ℓ m , 5mℓ m and ℓ m + 1, respectively, so that C T (A) ∩ C n S (I) = {0} (and we also need h n,3 to be sufficiently large). We leave the details to the reader. Theorem 3.10. Let {T i } i∈N be a countable collection of nonsingular transformations with no finite invariant measure. Then there exists a rank-one transformation S such that T i × S is not conservative for every i ∈ N.
Proof. Using a modification of the Adequate Gaps Lemma, we can prove that there exist sets A i of positive measure (for each T i ) such that for any n > 0, the conservative sequences C T 1 (A 1 ), . . . , C Tn (A n ) share arbitrarily long gaps (i.e. for any k > 0, there exists ℓ k > 0 such that
To show this, we can proceed by induction and guarantee that at the n-th stage the sets C T 1 (A 1 ), . . . , C Tn (A n ) all share a gap of length n.
We now give the inductive construction of the skyscraper transformation S by specifying the heights h i . Let J i denote the base level of C i . Suppose h 1 , . . . , h n−1 have been defined so that for each i = 1, . . . , n−1, we have
Using that for any level J in a column C i (i = 1, . . . , n), we have
and the existence of the gaps described above, we can choose h n from ℓ k so that for each i = 1, . . . , n, we have
It then follows that for the S we construct, the conservativity condition fails for T i × S for the rectangle A i × J i (for each i).
Remark 3.11. The transformation S can be chosen to be a rank-one transformation that is rigid or has infinite ergodic index.
Remark 3.12. Every time one of the products T × S is not conservative, we know it must be totally dissipative.
Flows.
Observe that measure-preserving flows T = {T r } r∈R are always conservative under our definition. Indeed, by the continuity of flows, given a set A of positive measure, there exists δ > 0 such that if 0 < r < δ, then µ(T r A ∩ A) > 0. Thus to extend our result to flows, we need to introduce the following notion. We say that a measurepreserving flow (or transformation) is strongly conservative if for all sets A of positive measure, the conservative set C T (A) is unbounded. We note that in the case of transformations, conservativity is equivalent to strong conservativity. On the other hand, there exist flows that are conservative but not strongly conservative (e.g. consider a shift on the real line T s (x) = x + s). It is also clear that for measure-preserving flows, ergodicity implies strong conservativity.
We prove the following theorem, which will be an immediate consequence of Lemmas 3.14 and 3.17.
Theorem 3.13. Let T = {T r } r∈R be an infinite measure-preserving ergodic flow. Then there exists a rank-one skyscraper flow S = {S r } r∈R such that the product T × S is not strongly conservative (and therefore not ergodic).
Suppose B denotes the lowest block of column C 1 of a skyscraper flow S (so B = [0, 1 2 ) × [0, 1)). As for skyscraper transformations, we can derive a useful expression for C m S (B), the return times of B within column C m :
We say that a set E ⊂ R has long gaps if for every n > 0, there exists ℓ n > 0 such that E ∩ [ℓ n − n, ℓ n + n] = ∅. Then the following lemma is clear based on our previous work for transformations: Lemma 3.14. Let T = {T r } r∈R be a flow that admits a set A of positive measure whose conservative set C T (A) has long gaps. Then there exists a skyscraper flow S such that T × S is not strongly conservative.
Proof. We construct a skyscraper flow S so that if B is the lowest block of C 1 , then C T (A) ∩ C S (B) ⊂ (−1, 1). The procedure is so similar to that in Lemma 3.4 that we leave it to the reader.
Finally, we show that every infinite measure-preserving ergodic flow admits a set A of positive measure with long gaps in C T (A). To establish the Adequate Gaps Lemma for transformations, the key step was deriving (2) : lim
To do so, we used:
(1) the ergodic theorem in the form of Proposition 3.5.
(2) the fact that finite unions of sets of the form T k (A) have finite measure provided that A has finite measure. Now for flows we have the following infinite ergodic theorem:
r } r∈R be an infinite measurepreserving ergodic flow. Then for all sets A and B of finite measure,
In particular, lim inf
It is slightly more difficult to obtain an analogue of (2). We would like to guarantee that a union of the form r∈[0,α) T r (A) has finite measure if A has finite measure. In general, though, such a union need not even be measurable, and even if it is measurable, it is not clear that it must be of finite measure.
We will need the following:
Proposition 3.16. Let T = {T r } r∈R be an ergodic measure-preserving flow. Then it is isomorphic to a flow built under a function. In particular, there exists
for some α > 0 (and therefore for any α > 0 using the measurepreserving property).
The first part is a version of the Ambrose-Kakutani representation theorem which appears in [13] as Theorem A, and the second part is an easy corollary. We refer the reader to [13] for the definition of flows built under a function and further discussion. Lemma 3.17. Let T = {T r } r∈R be an infinite measure-preserving ergodic flow. Then there exists a set A of positive measure whose conservative set C T (A) has long gaps.
Let A 0 = A * and ℓ 0 = 0. Fix 0 < ε < µ(A * ). We construct
. . such that for every n ∈ N and for all r ∈ [0, n), we have
Then we will take A = ∞ n=1 A n . Suppose A n and ℓ n are defined. Let B n := r∈[0,n+1) T r (A n ). By assumption B n has finite measure. Thus the infinite ergodic theorem for flows yields the existence of ℓ n+1 > ℓ n such that
The remainder of the proof is similar enough to the proof for Z d -actions that we leave it to the reader.
Conservative non-ergodic products
Say that a transformation T satisfies the strict conservative multiplier property if there exists an infinite conservative ergodic measurepreserving transformation S such that T × S is conservative but not ergodic. When that if T is an infinite measure-preserving K-automorphism (see [11] for the definition) and S is ergodic, then whenever T × S is conservative, the product must also be ergodic (see [16, Proposition 4.8b]). Thus K-automorphisms do not satisfy the strict conservative multiplier property. In Theorem 4.1 we give a condition on rank-one transformations so that it satisfies the strict conservative multiplier property; Corollary refC:Vcor gives a simpler to verify condition for this property. It would be interesting to know what the largest class of transformations is that satisfy this property. Theorem 4.1. Let T be a rank-one transformation with bounded cuts, and satisfying
for all n ≥ 2. Then there exists a rank-one skyscraper transformation S such that T × S is conservative but not ergodic. for all n ∈ N, then there exists a skyscraper transformation S such that T × S is conservative but not ergodic. Before proceeding to the proof, we make a couple of observations. Thus,
(2) Rank-one transformations with bounded cuts, i.e. sup r n < ∞, are partially rigid with α = 1 sup rn and sequence n i consisting of infinitely many terms of the form j k=i h n,k , where n ∈ N and 0 ≤ i ≤ j ≤ r n − 2. We note that if T and S are both partially rigid along sequences that intersect in an infinite subsequence, then T × S is also partially rigid and thus conservative.
Proof of Theorem 4.1. Let T be as in the statement of the theorem, and let S be the skyscraper transformation where the heights H i are given by
where n i is an increasing sequence in N chosen so that H i ≥ 2H i−1 for all i. Then since both T and S are partially rigid along the sequence n i = H i , their product T × S is conservative. Let J be the base level of column C 1 for S. Then if m ≥ 1,
This will give us that (T × S)
n (I × J) ∩ (I × S(J)) = ∅ for all n ∈ Z, and therefore that T × S is not ergodic. 
We now prove by induction that for all n ∈ N, (9) holds for some n ∈ N. Recall that
We prove each of the following:
( 
Thus, to prove case 2, it suffices to show
]. This follows from (5) and the observation that H n − min(h n,0 , h n,rn−2 ) is the second largest element of the form j k=i h m,k . Now (11) can be rewritten as
But this in turn is equivalent to 2(h n −h 1 −[s 1,r 1 −1 +s 2,r 2 −1 +· · ·+s n−1,r n−1 ])+1 < h n +min(s n,0 , s n,rn−2 ), which follows from (4). Corollary 4.4. Let T be a rank-one transformation with bounded cuts, and satisfying for all n ≥ 1, (12) h n+1 − h n < 2s n,rn−1 + min
Proof. We prove by induction that (4) holds for every n ≥ 2. For the base case, note that
Then by adding the inequality (12) for n = 1 to both sides, we obtain
For the inductive step, suppose that (4) holds for some n ≥ 2. Then by adding (12) to both sides again, we are done.
Ergodic products of rank-one transformations
We recall that in [2] it is shown that for every conservative ergodic infinite measure-preserving transformation there exists a conservative ergodic Markov shift S so that T × S is ergodic. In this section we show that we can choose S to be rank-one, but T has to be restricted to be a rank-one transformation with bounded cuts.
In the previous section, we observed that rank-one transformations with bounded cuts are partially rigid. A slight generalization of this observation, which we use below, is that if I and J are levels in the same column, then there exist infinitely many n > 0 such that µ(T n (I)∩J) ≥ αµ(I). In the proof below, we use µ to denote Lebesgue measure on the real line.
Theorem 5.1. Suppose T is a rank-one transformation with bounded cuts defined on X = [0, 1) or [0, ∞). Then there exists a rank-one skyscraper transformation S such that T × S is ergodic.
Proof. We can inductively find an increasing sequence n i such that n i > 2n i−1 for each i, and such that for each ordered pair of levels (I m , J m ) coming from the same column (where we consider pairs of levels from all columns) there exists an infinite subsequence {n i k } such that for each k,
Now define S to be the skyscraper transformation with heights h i = n i (we therefore need to require n i ≥ 2n i−1 so that S is well-defined). Take A, B ⊂ X × Y with µ × µ(A) > 0 and µ × µ(B) > 0. We show that there exists
. We can choose levels I and L in column C T m and levels J and M in column
Without loss of generality, we can assume that M is above J in column C S ℓ . It is also not difficult to see that one can find a copy
while having that L * is at least d(J, M) above the bottom level of C T m+j . One can find a copy
below L * . By construction, n i is a partial rigidity sequence for S so there exists some n i such that
Hence, for this n i , we have
and hence
We then obtain µ × µ((T × S) n i +d(J,M ) A ∩ B) > α 4 − ε µ(I * )µ(J) > 0.
Remark 5.2. For completeness, we remark that the transformation S above can be chosen to be rigid or have infinite ergodic index.
Category results concerning product transformations
Let (X, B, µ) be an infinite Lebesgue space (for simplicity, we will think of X as R and µ as Lebesgue measure). We write M(µ) for the set of all invertible transformations on X that preserve µ, and write E(µ) ⊂ M(µ) for the set of all ergodic transformations. One can define a topology on M(µ) called the weak topology, which we briefly review. A dyadic interval refers to an interval of the form [ k 2 j , k+1 2 j ), where k ∈ Z and j ∈ N, and by a dyadic set we mean a finite union of dyadic intervals. We note that the collection of dyadic sets {D i } i∈N forms a dense algebra of (R, B, µ), and define the distance between two transformations T and S in M(µ) to be
.
It can be shown that d is a complete, separable metric, and the topology one obtains is called the weak topology on M(µ). In [12] , Sachdeva shows that E(T ) is a dense G δ set in M(T ) (i.e. ergodicity is a generic property).
Definition 6.1. Given T ∈ E(µ), we define the following subsets of E(µ):
(1) E(T ) := {S ∈ E(µ) : T × S is ergodic} (2)ĒC(T ) := {S ∈ E(µ) : T × S is conservative but not ergodic} (3)C(T ) := {S ∈ E(µ) : T × S is not conservative} For a given transformation T ∈ M(µ), we study the Baire categories of the sets E(T ),ĒC(T ) andC(T ). We first introduce a few notions. A transformation T ∈ M(µ) is called anti-periodic if for every n ∈ N and for all sets A ⊂ X, there exists B ⊂ A such that T −n (B) \ B = ∅ and B \ T −n (B) = ∅. Given a transformation T ∈ M(µ) and ρ ∈ R, the transformations T · ρ and ρ · T are defined by (T · ρ)(x) = T (ρ · x) and (ρ · T )(x) = ρ · (T x). For us, the conjugacy class of T will be the set
Theorem 6.2. Let T ∈ M(µ), and let S be an anti-periodic transformation. Then:
(1) If S ∈ E(T ), then E(T ) is a dense G δ set in M(µ).
(2) If S ∈ĒC(T ), thenĒC(T ) is dense in M(µ). (3) If S ∈C(T ), thenC(T ) is dense in M(µ).
Proof. It is easy to check that if S ∈ E(T ), S ∈ĒC(T ) or S ∈C(T ), then we respectively have C (S) ⊂ E(T ), C (S) ⊂ĒC(T ) or C (S) ⊂ C(T ). In [12] , Sachdeva shows that if S is an anti-periodic transformation, then its conjugacy class C (S) is dense in M(µ). It remains to show that the existence of an S in E(T ) implies that E(T ) is a G δ set. Consider the space M(µ × µ) of invertible measurepreserving transformations on the product space (X ×X, B⊗B, µ×µ), and let A := {T } × M(µ). Note that one can identify the set A (considered with the subspace topology) with the space M(µ). Since the intersection of a G δ set with a subspace is also a G δ set (in that subspace), the set A ∩ E(µ × µ) is a G δ set. But A ∩ E(X × X) exactly corresponds to E(T ) under the identification, so E(T ) is itself a G δ set.
One can check that rank-one transformations are anti-periodic. Thus our results have the following interesting corollaries:
(1) For any rank-one transformation T with bounded cuts, E(T ) is a dense G δ set in M(µ). (2) For any rank-one transformation T satisfying condition (4), EC(T ) is dense in M(µ). (3) For any T ∈ E(µ),C(T ) is dense in M(µ). Further, it is that the property of having ergodic cartesian square T × T is a generic property [12] . The reader may refer to the survey [6] for other properties. Since rank-one transformations also form a generic set (see [4] ), we conclude that for a generic transformation T ∈ M(µ), the set E(T ) is a dense G δ set.
